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Abstract. In this note, we show that the notion of non-Archimedean strictly convex normed
space is far more restrictive than it seems. Namely, the only nontrivial space with this property is
Z/3Z.
The notion of non-Archimedean strictly convex normed space was introduced in [2] with the
purpose of finding a non-Archimedean version of the Mazur-Ulam Theorem. This topic has at-
tracted quite some interest, probably due to the fact that the authors were able to prove such a
result –see, e.g., [1, 3]. The problem is that they pushed a little too far when they were looking
for conditions on the normed spaces. Namely, they added two conditions to the usual definitions
of non-Archimedean field and non-Archimedean normed space that gave birth to the so-called
non-Archimedean strictly convex normed space. These additions –items vii) and viii) below– were
too restrictive and they led to our result.
Definition 1. A non-Archimedean field is a field K equipped with a function (valuation)
| · | : K→ [0,∞) such that
i) |r| = 0 if and only if r = 0,
ii) |rs| = |r||s|,
iii) |r + s| ≤ max{|r|, |s|} for all r, s ∈ K.
Definition 2. A non-Archimedean strictly convex normed space over a non-Archimedean field
K is a vector space over K endowed with a strictly convex norm ‖·‖, i.e, a function ‖·‖ : X → [0,∞)
such that
iv) ‖x‖ = 0 if and only if x = 0,
v) ‖rx‖ = |r|‖x‖,
vi) ‖x+ y‖ ≤ max{‖x‖, ‖y‖} for all r ∈ K, x, y ∈ X.
vii) (Strict convexity 1) |2| = 1.
viii) (Strict convexity 2) ‖x‖ = ‖y‖ = ‖x+ y‖ implies x = y.
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Lemma 3. Let X be a strictly convex normed space over a non-Archimedean field K of dimen-
sion at least 1. Then X = K = Z/3Z, the valuation is trivial over K and the norm is ‖ · ‖ = λ| · |
for some λ ∈ (0,∞).
Proof. It is easy to see that X = K = Z/3Z, with the trivial valuation and the norm
‖ − 1‖ = ‖1‖ = λ, ‖0‖ = 0 is a strictly convex space for any λ > 0, so what we need to prove is
that this is the only space that fulfils the items i) to viii).
Let x 6= 0 ∈ X . It is trivial that | − 1| = 1. This, along with items v) and vii), give
‖2x‖ = ‖x‖ = ‖ − x‖.
Of course, 2x+ (−x) = x, so item viii) gives 2x = −x for every x ∈ X . So, 3 = 0 in K.
Suppose that there are x, y ∈ X such that x + y 6= 0 6= x − y, ‖y‖ ≤ ‖x‖ and
‖x− y‖ ≤ ‖x+ y‖. By item vi), we have
‖x± y‖ ≤ max{‖x‖, ‖y‖} = ‖x‖.
On the other hand,
‖x‖ = ‖2x‖ = ‖x+ y + x− y‖ ≤ max{‖x+ y‖, ‖x− y‖} = ‖x+ y‖,
so we get
‖x‖ = ‖x+ y‖ ≥ max{‖x− y‖, ‖y‖}.
But also
‖x‖ = ‖x− y + y‖ ≤ max{‖x− y‖, ‖y‖},
so there are only two options left:
Either ‖x‖ = ‖x+ y‖ = ‖y‖ or ‖x‖ = ‖x+ y‖ = ‖x− y‖
and a moment’s reflection suffices to see that item viii) implies either x = y or x+ y = x− y and
any of these leads to a contradiction that implies X = K = Z/3Z. Of course, the only valuation
on Z/3Z is |1| = | − 1| = 1, |0| = 0 and any norm fulfils ‖ − 1‖ = ‖1‖ > 0, so we are done. 
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